We find a new type of topological vortex solution in the U(1) Z ×U(1) A Chern Simons gauge theory in the presence of a U(1) A magnetic field background. In this theory U(1) Z is broken spontaneously by the U(1) A magnetic field. These vortices exhibit long range interactions as they are charged under the unbroken U(1) A . They deplete the U(1) A magnetic field near their core and also break both C and P symmetries. Understanding the nature of these vortices sheds light on the ground state structure of the superconductivity studied in [1] . We also study the Berezinsky-Kosterlitz-Thouless phase transition in this class of theories and point out that superconductivity can be achieved at high temperatures by increasing the U(1) A magnetic field.
I. INTRODUCTION
Chern Simons gauge theories [2, 3] have a wide class of interesting applications in both high energy and condensed matter physics. In the former case, they appear upon dimensionally reducing finite temperature four dimensional field theories with fermions [4] . In condensed matter physics, they are used to model the quantum Hall effect [5] [6] [7] .
In an accompanying paper, we show that a 2 + 1 dimensional U(1) Z × U(1) A Chern Simons theory exhibits superconductivity to arbitrarily high temperatures. This is achieved by turning on a constant U(1) A magnetic field that spontaneously breaks the U(1) Z symmetry [1] . It is well known that the vacuum manifold of spontaneously broken gauge symmetries can have non-trivial topology [8] . In particular, breaking U(1) → 1 gives rise to topological vortices [9, 10] . This work is devoted to the study of the non-perturbative sector of the U(1) Z × U(1) A theory in a constant U(1) A magnetic field background, which is crucial to understand the nature of the superconducting vacuum at high temperatures. In fact, at low temperatures these vortices cannot alter the vacuum structure since it is expensive to produce them. However, at high enough temperatures they may proliferate and change the properties of the superconducting vacuum. This is the celebrated Berezinsky-Kosterlitz-Thouless (BKT) transition [11, 12] that occurs in 2 dimensional systems.
The vortices that we describe in this work share the main characteristics of the vortices that we have studied in a previous work [13] . The most striking property of both vortices is that they exhibit long range interactions since U(1) A remains unbroken in the infrared (see our accompanying work [1] and also [13] for a detailed discussion). Therefore, a system of a vortex and an antivortex * mohamed.anber@epfl.ch † yannis.burnier@epfl.ch ‡ eray.sabancilar@epfl.ch § mikhail.shaposhnikov@epfl.ch will be logarithmically confined. As we mentioned, the vortices in this work exist in a constant U(1) A magnetic field background. Interestingly, we find that the magnetic field is depleted near the core, hence we call them diamagnetic vortices. In addition, they break C and P symmetries unlike their cousins studied in Ref. [13] . The plan of this paper is as follows. In Sec. II, we describe the action of the U(1) Z × U(1) A Chern Simons gauge theory and sumarize some basic properties of the constant U(1) A magnetic field solution. The perturbative vacuum structure of the theory is studied in great detail in our accompanying paper [1] . We study the topological vortex solution by making use of Nielsen-Olesen like Ansätze in Sec. III. We also obtain the asymptotic behavior of the solution for both the near core and large radius limits and show that the diamagnetic vortices break both C and P symmetries. Next, we numerically integrate the equations of motion to obtain the full solution for various values of the winding number. In Sec. IV, we calculate the flux, charge and energy of the vortices. In Sec. V, we sketch the essential elements of the BKT phase transition and derive the critical temperature. We conclude with a discussion of our results in Sec. VI.
II. SPONTANEOUS SYMMETRY BREAKING BY U(1) A MAGNETIC FIELD
Before describing the vortex solutions in this theory, we first sumarize our results in Ref. [1] for completeness. We consider the U(1) Z × U(1) A Chern-Simons theory with the action [1, 13] 
where 
where
There exists a solution to the field equations (2) of the form
where B is a constant. An effective potential for the Higgs field in this background can be defined as
The Higgs potential (5) has a minimum at
at which the background Z µ field takes the value
In what follows, we will take B > 0 without loss of generality. Thus, even though the Higgs potential does not have a tachyonic mass parameter, the presence of a constant U(1) A magnetic field breaks the U(1) Z symmetry by turning on the term (µ
2 ) in the effective Higgs potential given by Eq. (5). This suggests that the vacuum manifold of ϕ, M, has non-trivial topology, namely π 1 (M) = Z. Therefore, there exists a vortex solution, which we describe in the next section.
III. TOPOLOGICAL VORTEX SOLUTION
We are interested in cylindrically symmetric vortex solutions, and thus, we consider a Nielsen-Olesen like Ansätze for the Higgs and gauge fields [13] 
1 In this paper, we drop the λ|ϕ| 4 /4 term in the action as this does not change the physics of the system, but introduces some trivial corrections. For a detailed discussion, see Ref. [1] .
Note that we choose the above Ansätze such that all the profile functions f (r), Z(r), Z 0 (r), A(r) and A 0 (r) are dimensionless. Upon plugging Eq. (8) into the equations of motion (2), we obtain the following equations for the profile functions:
where r is the dimensionful radius. The last two equations can be integrated to yield the first order equations:
We set D 1 = Be + 2µ 1 m/e 2 in order to meet the requirement that the magnetic field very far from the core radius 2 is B. In addition, the vortex solution must be well-behaved at the core which selects D 2 = 0.
A. The Near-Core and Asymptotic Behavior
At small r, the profile functions can be expanded in positive powers of r and can be solved order by order to satisfy the equations of motion (9) . This way, we can fix all the expansion coefficients except the five parameters f 1 , z 2 , z 00 , a 2 , a 00 . To the leading order in r, we find
Similarly, at large r, the profile functions can be expanded in inverse powers of r (see Ref. [13] ). To the lead-ing order we find:
and the asymptotic values of the profile functions are
where ϕ 0 is given by Eq. (6). We note that the asymptotic values of the profile functions Z(∞) and A 0 (∞) in Eq. (13) match those of our previous work [13] upon substituting ϕ 0 = v, where v is the vacuum expectation value of the ϕ field in the V (ϕ) = −m 2 ϕ 2 + λϕ 4 /4 potential with m 2 > 0.
B. C and P Violation in Diamagnetic Vortices
We can readily understand most of the key physical properties of these diamagnetic vortices without the full numerical solution that will be discussed in the next section. First of all, we recall that the parity (P ) and charge conjugation (C) operators in 2 + 1 D act on the position vector,
and ϕ(x µ ) as follows (see, e.g., the appendix of Ref. [14] ):
and
From the transformation properties given in Eqs. (14) and (15), it is easy to check that magnetic field B is odd under both C and P , but even under CP . Hence, B is a pseudoscalar. The electric field E = E 1 , E 2 transforms under P and C as P :
Under C and P , the vortex with winding number n transforms as
where we used Eq. (14) and the fact that θ = tan −1 (x 2 /x 1 ). For vorticies that conserve C or P , the C or P operations would simply correspond to flipping the sign of the winding number n, i.e. sending the vortex to anti-vortex since f n = f −n in that case. However, from the asymptotic behavior of the diamagnetic vortices given in Eq. (12), we can see that the profile functions Z(r), A(r), and A 0 (r) have both even and odd terms in n, e.g., f n = f −n (this is clear for A ∞ (r) at O(1/r 2 ), while for the rest of the profile functions one has to go to higher orders to see it). Therefore, under C and P , the vortex does not transform into an antivortex, or vice versa. In other words, the diamagnetic vortex solution breaks the C and P symmetry while preserving CP . This is not surprising as this solution only exists in the presence of a constant magnetic field B that is odd under C and P . The explicit differences between vortex and antivortex solutions of various winding numbers are shown in Fig. 2 .
C. Numerical Solution
Numerical results were obtained via a shooting method as implemented in [15] . For winding number n = 1 the profile functions are shown in Fig. 1 . We see that the profile functions satisfy both the small and large r asymptotic behaviors given in Eqs. (11) and (12) . For instance, at large distance r, the Higgs goes to its vacuum expectation value ϕ 0 , i.e., f (r) → 1, and the Z condensate goes to its background value given in Eq. (7), i.e., Z 0 (r) → −m/e. Because of the magnetic field background (4), the function A(r) grows like eBr 2 /2, and thus, we only display A(r) − eBr 2 /2 that corresponds to the vortex contribution to A(r). As the solution is neither symmetric or antisymmetric under charge conjugation C or under parity P , the profiles for negative winding numbers are different from the positive winding numbers. We compare diamagnetic vortex solutions with various positive and negative winding numbers n = ±1, ±2, ±3 in Fig. 2 .
We also provide more precise checks for the asymptotic behavior of the profile functions f (r) and A(r) in Fig. 3 . Note that unlike the other known vortex solutions in similar models where the profile function f is monotonous, f first overshoots its asymptotic value 1, and then turns around again and finally reaches 1 from below. 
IV. PHYSICAL PROPERTIES OF DIAMAGNETIC VORTICES
Using the profile functions given by Eq. (8), we can calculate the electric and magnetic fields of the diamagnetic vortices as:
Z 0 = eZ 0 and the kinetic term for the Higgs field can be similarly found as
The electric and magnetic fields are shown in Figs. 4 and 5.
A. Flux, Charge and Energy
We calculated all the physical properties of similar vortices with the potential V (ϕ) = −m 2 ϕ 2 + λϕ 4 /4 in Ref. [13] . It is a straightforward exercise to obtain the flux, charge and energy of the diamagnetic vortices. The Z µ magnetic flux of a diamagnetic vortex is
2 0
Note that for the creation of a pair of a vortex and antivortex, the Z µ flux is automatically conserved as it is proportional to the winding number n. The long range U(1) A charge can be found from Gauss's law Profile functions for n = ±1 (top), n = ±2 (middle), n = ±3 (bottom) against radial distance r in units of e 2 . The profile functions for n > 0 are shown as thick lines, whereas the profiles for n < 0 are shown as thin lines. We used the parameters: e = 1, m = 1, B = 1 and µ1 = µ2 = 1/4. Note that Z (and A0 not shown here) are negative for n < 0. Here we switched the sign of Z for n < 0 for easy comparison with n > 0.
The Hamiltonian density is given by 
Integrating each term over R 2 , the total energy of a vortex reads where E c is the vortex core energy that we compute numerically, as shown in Fig. 6 , and E IR is the infrared part of the energy. Imposing an IR cutoff at radial distance r = L we find
where the first term is the IR contribution from the background magnetic field and Z 0 condensate. Note also that the last term suggests that energy of a vortex has a negative contribution. This might seem puzzling at first as negative energy would be naively associated with some sort of instability in the ground state of the system. However, we emphasize at this point that we have not made use of the magnetic flux conservation yet, and thus, the magnetic field B is not the true background field. Next, we calculate the value of the asymptotic magnetic field value, which upon substituting in Eq. (26) yields a finite Fig. 5 ). The plots in the top, middle and bottom panels correspond to n = ±1, n = ±2 and n = ±3, respectively. Positive (negative) winding numbers are shown as thick (thin) lines. The total U(1) A charge of the vortex is QA = 2Bµ1n/(Be 2 + 2meµ1) from Eq. (22), and we can see that EA electric field asymptotically reaches QA/r at large r. Note also that for n < 0, EA and BZ are negative. We show the absolute value of these fields for visually clear comparison.
and positive vortex energy.
B. Conservation of Magnetic Flux
For a self consistent vortex solution, we also need to take into account the fact that the magnetic flux is a conserved quantity. Using the Bianchi identity
integrating over a surface R 2 , and making use of Stokes' theorem, we obtain
is the magnetic flux, and E A is the electric field. Thus, assuming a manifold with electric fields perpendicular to its boundary, i.e., d · E A = 0, the magnetic flux must be conserved. The flux conservation also applies to all compact 2 dimensional manifolds without boundaries. Suppose that we start with a constant background magnetic field B A =B on R 2 whose flux is equal to
where L is an IR cutoff characterizing the system size and r c is the core radius 3 . As we can see from Fig. 5 , the magnetic field strength decreases near the vortices, hence the name diamagnetic. The magnetic flux of a vortex can be obtained analytically from the asymptotic value of the A µ field in Eq. (13):
Requiring that the total magnetic flux in the system upon creating a vortex or antivortex is conserved, and noting that the logarithmically divergent piece is negative for both the vortex and antivortex, we have a relation between the asymptotic value of the vortex magnetic field B and the initial background magnetic fieldB:
Solving B in terms ofB to leading order in inverse powers of L, we obtain
Since our diamagnetic vortices lower the magnetic field B A in their core [see Eq. (13) and Fig. 5 ], the background magnetic field has to increase fromB to B given by Eq. (33) as required by magnetic flux conservation. This correction will be crucial for the pair of a vortex and an antivortex to have a finite positive energy as we show in the next section (however, notice also thatB → B as L → ∞.). Next, we impose the condition of flux conservation by using Eq. (33) to find the IR energy
3 Notice that there is also core magnetic flux which should be determined numerically but it can be absorbed in the redefinition of rc.
Thus, by subtracting the background energy we obtain the IR energy of a single vortex:
which is now positive.
C. Interaction between Two Diamagnetic Vortices
The dynamics of a vortex-antivortex system can be studied by calculating the interaction energy, similar to what we have done in Ref. [13] . To this end, we use the following approximate field configurations for the Higgs and gauge fields assuming that the two vortices are separated by a distance R larger than the core radii of the pair, i.e., R r c :
Be(Be + 2mµ 1 ) ,
Substituting the above expressions in Eq. (24), imposing the condition of magnetic flux conservation and using B →B from Eq. (33) for a pair of a vortex and an antivortex [note that this doubles the logarithmic term in Eq. (33)], we obtain the total energy of a pair of interacting vortices:
As was explained in Ref. [13] , the energy receives contributions from two parts: the electrostatic energy of the long range U (1) A field and Goldstone background.
V. BEREZINSKY-KOSTERLITZ-THOULESS TRANSITION
In the previous sections, we studied the diamagnetic vortices appearing in U(1) Z × U(1) A Chern-Simons theory in the background of a constant U(1) A magnetic field and Z 0 condensate. Since these vortices are heavy (they cost core energy) they can not alter the low-energy description of our system which is simply a massless U(1) A theory. At any finite temperature, these vortices are suppressed by a Boltzmann factor e −Ec/T , where E c is the core energy. Hence, it is expensive to produce them at zero or low temperature. However, at some critical temperature, T c , it will be entropically favored to produce them, and hence they will proliferate. Since these vortices are charged under U(1) A , their proliferation will break the later group. This is the celebrated BerezinskyKosterlitz-Thouless (BKT) transition [11, 12] , which can be understood by studying the partition function of a Coulomb gas of vortices.
To this end, let us consider a gas of positively and negatively charged objects interacting via a Coulomblike potential. The grand partition function of the gas is given by 
ε is the UV cutoff length, and ξ + and ξ − are the fugacities (recall that the fugacity is e −Ec/T ) of the positive and negative charges, respectively. The coordinates r r r a are used to label the positively charged objects, while r r r b are used for the negative ones. Next, we impose the charge neutrality on the two dimensional system by demanding that N + = N − = N . Hence, the factor ξ
, where we defined ξ 2 ≡ ξ + ξ − . Thus, the partition function reduces to
such that only neutral configurations of charges are used in computing Z. Then, one uses the partition function (41) to derive renormalization group equations (RGE)s for ξ and κ. The RGE for ξ can be obtained by considering a single neutral pair of charges [16] :
where L is the system size, and ξ 2 (ε) indicates that the fugacity is being calculated given the UV cutoff ε. The RG invariance of the contribution (42) to the partition function demands that
under the rescaling ε → e b ε. Differentiating (43) with respect to b at b = 0, we obtain the RG equation for ξ:
This equation tells us that the fugacity remains irrelevant at large κ or at low temperature. However, at small values of κ or at high temperature the fugacity becomes relevant: the vortices proliferate indicating a phase transition. This is the BKT phase transition which takes place at κ = 2 or T c = 2πµ
1B
Be 2 + 2meµ 1 .
VI. DISCUSSION
In this work, we studied the non-perturbative sector of the U(1) Z × U(1) A Chern Simons gauge theory in the background of U(1) A magnetic field, whose detailed structure is described in our accompanying paper [1] . This theory admits topological vortex solutions with novel properties that we investigated by analytic and numerical techniques.
First of all, these vortices exhibit long range interactions since they are charged under the unbroken U(1) A . Besides, they deplete the U(1) A magnetic field near their cores. This can be understood by noting that the U(1) A gauge field A µ becomes topologically massive in the near core region. In this regard, they behave as a diamagnetic material. As was discussed in Sec. IV, the vortex solution breaks and C and P symmetries, while preserving CP . This is also not surprising as the background magnetic field B is odd under C and P and even under CP .
As is shown in our work [1] , the U(1) Z × U(1) A Chern Simons gauge theory exhibits superconductivity. The role of the condensate is played by the complex scalar field ϕ which develops a vacuum expectation value because of the external U(1) A magnetic field, and thus breaks the U(1) Z symmetry spontaneously. Naively, one would expect that the superconductivity may be ruined at finite temperature because of symmetry restoration of the U(1) Z perturbatively. However, we showed in Ref. [1] that this is not the case. Furthermore, the superconducting vacuum might be in danger because of the nonperturbative sector of the theory, namely the proliferation of the diamagnetic vortices. In Sec. V, we studied the BKT phase transition due to these vortices, and we found that the critical temperature is T c = 2πµ 2 1B /(Be 2 + 2meµ 1 ). For temperatures T > T c , diamagnetic vortices proliferate resulting in a more complicated ground state. However, the BKT transition can be postponed by taking µ 1 B e/2m. In this limit T c πµ 1B /(2me). Hence by increasingB and keeping the hierarchy µ 1 B e/2m, we can postpone the BKT phase transition to arbitrarily high temperatures. In this regard, we can achieve superconductivity at all temperatures [1] .
